The electron flow in laboratory as well as astrophysical situations can often be relativistic. The present chapter discusses the role of relativity on the shear flow driven instability associated with the electron fluids. Both cases of weak and strong relativistic regime have been explored. It is observed that when the flow is weakly relativistic the growth rate diminishes and the domain of the unstable wave number also shrinks. However, when the flow is strongly relativistic additional features emerge. The growth rate as a function of wave number is no longer a single humped curve but additional peaks emerge. The unstable domain of wave numbers gets broader and can even exceed the threshold wave vector domain of the nonrelativistic case. The difference between the weak and strong relativistic behaviour has been interpreted as an effect due to shear flow influencing the relativistic mass factor of the fluid.
Introduction
The sheared electron flow configuration occurs in a variety of contexts such as astrophysical jets, laser plasma interaction experiments, fast ignition studies, etc.
The electron velocity in these situations is often in the Relativistic regime. It is, therefore, important to understand the role of relativistic effects on the electron velocity shear driven instability. The flow of lighter electron species being of main concern in these cases, the dynamical response of heavier ion species is negligible and can be ignored. The ions are, therefore, treated as merely a stationary neutralizing background. The fluid Electron Magnetohydrodynamics (EMHD) model [19-21, 26, 29-32, 34, 35] , therefore, seems an appropriate framework for the study of these phenomena. As we have already discussed in Chapter 2 and Chapter 3, the EMHD model ignores the displacement current contribution in the Ampere's law and provides description for non-relativistic incompressible electron flows [19-21, 26, 29-32, 34, 35] . The generalization of the model for weakly relativistic flows (where ignoring displacement current continues to be a good approximation) has been made earlier [22] . However, with the advent of high power femtosecond lasers, plasma can be triggered to respond at very fast time scales with its electron component in strongly relativistic regime. In this strongly relativistic regime, ignoring displacement current can no longer be considered a good approximation.
This chapter discusses the extension of the EMHD model to a strongly relativistic regime. In the limiting case when the phenomenon under consideration is slower than the electron plasma period (e.g. very dense plasmas), the electron density perturbations can be ignored and the relativistic electron fluid can still be considered as an incompressible fluid. The response of the electron fluid in this limit is purely electromagnetic. We concentrate in this particular regime to analyze the behaviour of the electron velocity shear driven modes.
The influence of relativistic effects on the flow shear driven Kelvin -Helmholtz (KH) instability [24] has been studied by Bodo et al. [36] in the context of compressible neutral hydrodynamic fluid. The characteristic features of the linear instability for an abrupt step function velocity profile were delineated for various Mach numbers and the inclination of the wave number with respect to the flow direction, in the study by Bodo et al. [36] . The KH like instability for the magnetized electron fluid has been investigated in the non-relativistic limit in considerable detail in some recent studies [25, 33, 35] . It was observed that the magnetized character of the electron fluid makes it somewhat distinct from the hydrodynamic KH mode. There have been suggestions lately [5, 33, 37 ] that this instability might have an important role in the context of the propagation of energetic electrons in the ignition phase of Fast Ignition (FI) experiments [3, 6, 38] . The electron in such experiments being strongly relativistic, it is necessary to study the role of relativity on the growth of the mode. Such a study would also have relevance in some astrophysical contexts, where one often encounters a strongly relativistic sheared electron flow (e.g. astrophysical electron jets, etc.). It is, therefore, of importance to study the influence of relativistic motion on the shear driven mode for electron fluids. Present chapter aims at this objective.
An important observation gleaned from these studies is that the role of displacement current is negligible in the present incompressible limit. Our studies also show that the growth rate for the relativistic case for an abrupt step function velocity differs only slightly from the non -relativistic expression. Thus, the typical estimates of growth rate in a relativistic situation, when evaluated from a simplified non relativistic expression, produce only a small deviation. The relativistic effect, however, manifests as extended unstable wave number domain, for gradually varying realistic velocity profiles in the strongly relativistic regime. In this case (unlike the conventional KH instability), the threshold wave number along the flow direction, is no longer constrained by the inverse of the shear width of the velocity profile [1, 2, 35] . Also, the mode no longer remains a purely growing mode, instead it acquires a real frequency even for an antisymmetric (e.g. tangent hyperbolic) shear velocity profile. The appearance of these new features have been understood by realizing that the presence of shear in the velocity, also produces a shear in the relativistic mass factor, γ 0 . The shear in the relativistic mass factor is sharper (due to its nonlinear dependence on velocity) in the strongly relativistic regime and is responsible for the expanded domain of the unstable wave numbers.
Furthermore, it has been shown that for this case, the Rayleigh criteria of instability can be satisfied even when the wave function is not localized symmetrically about the velocity null point. This produces a Doppler shifted real frequency.
Governing Equations
The electron time scale phenomena in relativistic regime can be described by the coupled set of Maxwell's and the relativistic electron fluid equations. We restrict to the case where the electron fluid is either cold or it has a non -relativistic temperature. The set of Eqs. (2.1)-(2.5) discussed in Chapter 2, describe the most general set of governing equations. We now seek simplified limits of this set. We consider the variations to be confined in the 2-D x − z plane. Theŷ axis represents the symmetry direction. The ion species of the plasma forms a stationary neutralizing background of homogeneous density at the time scales of interest. The electron flow velocity (both equilibrium and the perturbed) and consequently the associated current is assumed to lie in the 2-D, x − z plane. For this simplified case, the magnetic field component along the symmetry axisŷ is the only relevant component. Thus, we choose to represent the magnetic field in terms of a single scalar field B = bŷ. Similarly, the relativistic fluid vorticity ∇ × γ e v e in this case has only one scalar component directed along the symmetry axis ξŷ. In the Ampere's law, due to the existence of displacement current, one is not able to express the electron velocity directly in terms of magnetic field here, as 
The divergence of the electron momentum equation yields the following equation We have eliminated ϕ from Eq. (4.7) by using Poisson's equation, Eq. (2.5). The continuity equation for density remains unaltered. The symbol σ = ω ce0 /ω pe and γ e = 1/ 1 − σ 2 v 2 e . It is clear that the inclusion of effects related to the displacement current has complicated the governing equations considerably in comparison to the conventional EMHD model. While the EMHD equations under identical conditions of 2-D variation and the absence of electron flow along symmetry direction can be expressed solely in terms of one field (namely the magnetic field component along the symmetry direction b), here, on the other hand one has to consider the evolution of four fields (b, n e , ξ and χ). Moreover, Eq. (4.5) contains second derivative with respect to time.
We now seek possible limits in which further simplifications are possible. Considering a pure electromagnetic mode in a homogeneous plasma, one can ignore electron density perturbations under the approximation of ω < ω pe . This corresponds to incompressible flows for which ∇ · v e should also be zero. The displacement current contribution continues to be present through the
Eq. (4.5). This is, thus, a case when ∇ × v e is more prominent than the ∇ · v e .
The simplified equations in this limit can thus be written as
The coupled set of Eqs. (4.8)-(4.9) along with
to determine the velocity, would be employed to study the electron velocity shear driven instability in the relativistic regime. It should be noted that we have added an extra coefficient A in the L.H.S. of the second term of Eq. (4.8). Two cases A = 0 and A = 1 would be considered to identify the role of displacement current term. Choosing A = 0, the contribution of the displacement current gets ignored.
In the next section, we obtain the linearized equations for a sheared relativistic electron velocity flow equilibrium.
Linearized Equations
We consider an electron flow v 0z (x)ẑ, which is directed along theẑ axis and has a sheared profile along x as the equilibrium. This equilibrium flow produces an equilibrium vorticity ξ 0ŷ = −(∂(γ 0 v z0 )/∂x)ŷ. The linearized equations around this equilibrium can then be written as
Expressing ξ 1 in terms of v x1 and taking Fourier Transform of Eqs. (4.11)-(4.12) alongẑ and time we obtain should be continuous at the boundary separating different regions of flow velocity:
Thus, while obtaining the eigen functions, one must ensure the continuity of these functions.
Step profile
We consider, in this section, the simplest step velocity profile to study the role of relativistic effects on the growth rate of shear driven modes. The step velocity profile corresponds to two adjoining regions of oppositely streaming electrons. In Region I (−∞ < x < 0), the electron flow velocity v z0 (x)ẑ = −V 0 and in Region II (0 < x < ∞), the flow velocity is chosen as v z0 (x)ẑ = V 0 . In the two regions, the equations can then be written separately as
with the coefficients α r , β r , γ r , and δ r (the suffix r stands for the two regions) as constants (independent of x) defined as follows
Here, Ω ± = ω ±k z V 0 . The coupled set defined by Eq. (4.15) can be solved assuming the form ∼ exp(p r x) for the solution. II corresponding to the ± sign before the square root. Upon substituting for α I,II , β I,II , µ I,II , and δ I,II we obtain the expression for the roots
Using the condition that the solutions of Eq. (4.15) should vanish at ±∞, we have the following expression for them
Here, p r± are chosen as the positive square root of p 2 r± . The solutions contain eight unknown coefficients which have to be determined. There are only four matching conditions to be satisfied in terms of the continuity of the four functions in the two regions, as already discussed in the previous section. It should be noted that the coefficients of one of the fields, viz., v x can be expressed in terms of b by using Eq. (4.16). This gives
This leaves us with four unknown coefficients v xI,II± which have to satisfy the four matching conditions. In order to obtain a non trivial solution, the determinant of the coefficient matrixM should be zero. The condition det||M|| = 0 then determines the eigen value ω. Upon applying the matching conditions, the coefficient matrix M can be expressed as follows
r± . In the Fig. 4 .1, we have shown the surface and contour plot of one of the roots of this determinant. For subsequent analysis, we choose the normalizing magnetic field B 00 (for any given density n 0e ) so as to have σ = 1.
The eigen value ω as a function of k z and V 0 can be obtained from the roots of the equation det || M ||= 0. The root with maximum value of Im(ω) provides for the maximum growth rate of the instability. The corresponding eigen vector is the maximally growing mode of the system. The growth rate in the absence of displacement current contribution Γ W R can be obtained analytically (by substituting
This expression for Γ W R has also been obtained in an earlier publication by Das et it is clear that both, at very small and very large values of k z , the two expressions asymptote towards k z V 0 and k z V 0 / √ 3 respectively. We would also like to emphasize here that small difference simply means that the expressions for the growth rates in relativistic and non-relativistic cases for the step profile are typically very similar.
Since V 0 is comparable to the speed of light (unity in the present normalizations)
for the relativistic case and is much smaller in the non-relativistic situations, the value of the growth rate for relativistic flows would indeed be much higher than that for non-relativistic cases. The small difference in Fig. 4 .2 merely suggests that the use of non-relativistic expression for evaluating the growth rate in relativistic cases would not cause any significant error. We now study the role of displacement The figure, however, suggests that at higher wave numbers the differences could be significant. However, only for the unrealistic step function velocity profile, there exist all higher values of the wave number k z which can be destabilized. When a realistic profile of the velocity shear is chosen such as the tangent hyperbolic function, there exists a threshold on the wave number k zth (inversely proportional to shear width) [1, 2] beyond which the growth rate vanishes. It will be shown in the next section that for the entire range of wave numbers for which the mode can be excited the contribution of displacement current is insignificant.
Tangent hyperbolic velocity profile
In this section, we consider a shear flow profile which has a finite width and has a tangent hyperbolic form v z0 (x) = V 0 tanh(x/ ). The growth rate in this case is obtained numerically by solving for the eigen value ω from Eqs. (4.11)-(4.12).
In Fig. 4 .3 and 4.4, we show the plot of the growth rate and the real frequency Also, the growth rate curve exhibits only a single maxima as a function of k z in the non-relativistic limit. We observe that while the plot of Fig. 4 .3 for V 0 = 0.8 exhibits these features, this is not so for V 0 = 0.9. There appear multiple peaks in the growth rate plot (see Fig. 4 .4) and the mode also acquires a real frequency after the first peak. We have also repeated our investigation for other values of V 0 . We conclude from these studies that smaller values of V 0 exhibit the typical trait of KH mode (single maxima of the growth rate curve and the purely growing character). However, at higher values of V 0 , multiple peaks appear in the growth rate curve and the mode does not remain purely growing beyond the first peak.
A real frequency also gets associated with the subsequent peaks of the curve. We, therefore, feel that the mode corresponding to subsequent peaks is somewhat distinct from the pure velocity shear mode that we have been acquainted with. In the later part of this section we will trace the origin of this distinction in detail. The maximum growth rate Γ Rmax /V 0 (maximized over k z ) (hollow circles) and the threshold value of the wave vector k zth (hollow diamond) as a function of V 0 . These points represent only those values of V 0 which are comparatively lower and produce a single peak in the plot of the growth rate vs. the wave number. The points, indicated by the dark filled circle and diamond in the figure correspond to the maximum growth rate divided by V 0 and the threshold wave number for the first peak of the purely growing mode of Fig. 4 .4 respectively. The other observations in the relativistic regime for smaller values of V 0 (e.g. purely growing modes with only single peak in the growth rate curve) show a monotonic decrease of Γ max /V 0 with V 0 . The points denoted by hollow circles in Fig. 4 .5 illustrate this. One also observes that the threshold of the wave number, viz. k zth (indicated by hollow diamonds in Fig. 4 .5) also reduces with increasing V 0 . Thus, the domain of unstable wave number seems to diminish with increasing speed. The last two points in the figure shown by dark filled circle and also a dark filled diamond has been put only for the purpose of illustration. These points are for V 0 = 0.9 and correspond to the Γ max /V 0 ( filled circle) maxima of the first peak, and that value of k z (filled diamond) beyond which the growth rate acquires a real frequency. Note that this can be looked upon as the expected value of the threshold wave number, had only the first peak corresponding to purely growing mode been present in the growth rate plot. These points also seem to follow the consistent trend. The real k zth for V 0 = 0.9, however, is much higher than that for V 0 = 0.8 as can be seen from the comparison of Fig. 4.3 and Fig. 4 .4. This again suggests that the data corresponding to the first peak for V 0 = 0.9 is perhaps consistent with the overall trend with respect to V 0 . However, the subsequent peaks of the growth rate of Fig. 4 .4 appearing at higher values of V 0 have distinctly different characteristics. As we increase the value of V 0 further to 0.95, the growth rate curve in Fig. 4.6 shows that the domain of unstable wave numbers corresponding to the purely growing mode, shrinks to zero.
However, the subsequent peak with real frequency broadens up and the threshold of the wave number for the instability can be seen to exceed even the inverse shear width of the velocity profile, viz., 1/ . This is a very interesting result as it shows that the unstable wave number domain increases in the strongly relativistic regime and scales even shorter than the shear width of the velocity profile are unstable. 
shown in Fig. 4 .7. However, when the value of V 0 is chosen to be high (e.g. 0.9 Furthermore, since the eigen function is asymmetrically placed with respect to the anti-symmetric tangent hyperbolic velocity shear profile, a Doppler shifted real frequency naturally appears in the eigen value. This can be compared with the appearance of a real Doppler shifted frequency in the eigen value even in the non-relativistic cases in a frame where the velocity profile is not anti-symmetric.
These observations, thus, point towards a novel extension of the KH mode of EMHD in relativistic regime arising solely due to the shear in the relativistic mass factor. It should be noted that for the case of the step velocity flow profile these features can not be observed. This is so because in that case the value of γ 0 also jumps exactly at the same location as that of the velocity discontinuity.
Summary
The sheared electron flow configuration is a ubiquitous feature in laboratory as well as astrophysical plasmas. The electron velocity in these situation is also often in the relativistic regime. For instance, the electron jets observed in astrophysical context have relativistic velocities. Also, with the advent of high intensity lasers, the laboratory experiments on laser plasma interaction routinely produces sheared electron flow at relativistic speeds. There have been suggestions that the velocity sheared flow instability for electron fluid might play a crucial role in the anomalous stopping mechanism of the energetic electrons within the compressed target core during the ignition phase of the Fast Ignition (FI) experiments [3, 5, 33] . The electrons in the experiment being strongly relativistic, the studies carried out here might have direct relevance to such experiments. The stability of sheared electron flow at relativistic velocities is therefore of interest both from fundamental as well as application point of view.
We have discussed in this chapter the role of relativistic effects on the electron velocity shear driven instability. The electron species being comparatively much lighter than the ions in the plasmas, the framework of the fluid Electron Magnetohydrodynamics (EMHD) model, which treats the ions as a neutralizing stationary background was adopted. The EMHD model was, however, generalized to incorporate the relativistic effects. The simplified incompressible limit of the relativistic EMHD model was then employed to study the KH instability in this regime. The assumption of incompressibility can be justified for dense plasmas where plasma frequency is very high, and where the time scales of the phenomena under consideration can be assumed to be slower than the plasma period. This implies, the density perturbations associated with the electron fluid can be ignored in the treatment.
Our studies demonstrate that the role of displacement current in this incompressible limit is considerably weak. Furthermore, it was also shown that the growth rate for the relativistic case differs only slightly from the one evaluated using the non-relativistic expression. Thus the typical order of magnitude estimate of the growth rate in the relativistic case, made from a non-relativistic treatment does not introduce any major error.
There are also a number of novel features that have been uncovered for the shear driven mode in the relativistic regime. We have shown that there exists two varieties of shear driven mode in relativistic regime. One which arises solely from the shear in the equilibrium velocity v 0 (x) , the other which is due to the associated shear in the relativistic mass factor γ 0 . The first variety of mode has features similar to the KH mode of the non relativistic case and primarily occurs in the weakly relativistic regime. It is a purely growing mode with its eigen function localized around the velocity null point (for a symmetric tangent hyperbolic velocity profile).
The growth rate in this case plotted as a function of k z ( being the shear width of the velocity profile) displays a single maximum and vanishes both at k z = 0 and for k zth , where k zth < 1/ . For this particular mode the maximum value of the growth rate Γ max /V 0 and k zth diminishes with increasing amplitude of V 0 indicating that it becomes increasingly more difficult to excite the mode in relativistic regime.
In contrast, the other variety of mode occurs at very high values of velocity (essentially close to the speed of light). In this case the growth rate curve does not show the universal single peak character as a function of k z . The mode is asymmetrically localized around the velocity null point and thereby acquires a real frequency (Doppler shifted frequency). The threshold wave number in this case is no longer restricted by k zth < 1/ , in fact k zth has been shown to exceed the inverse of the shear scale 1/ . Thus much shorter scales get destabilized in the strongly relativistic regime. We have shown, this mode essentially arises due to the equilibrium shear associated with the relativistic mass factor γ 0 . At intermediate velocity range, both kind of modes are present. The modes at lower/higher wave numbers are excited by the shear in velocity/relativistic mass factor in the intermediate case.
In this Chapter, we studied the various physical aspects of relativistic flow shear driven instability in EMHD. An analytical methodology to bridge strongly relativistic flow sheared instability would be desirable. In the next chapter, we employ perturbative analytic treatment to study the weakly relativistic flow shear driven instability.
